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Abstract 

It is shown that the weak spaces LP'°°[0, 1], and LP'°°[0, oo) are iso- 
morphic as Banach spaces. 



1 Introduction 

The Lorentz spaces play an important role in interpolation theory. They also form a 
class of Banach spaces generalizing the classical U' spaces. In this paper, we continue 
the comparison of the Banach space structures of various weak spaces begun in |^ 
and 0. In p|, mimicking the construction of the Rademacher functions, it was shown 
that £^ can be embedded complement ably into . In |p, we showed that 1^'°^ can 
in turn be embedded complementably (even as a sublattice) into L^'°°[0, 1]. Here, we 
complete and extend these results by showing that, in fact, the three weak spaces 
£P,oo^ 2,P'°°[0, 1], and L^'°°[0, oo) are isomorphic as Banach spaces. This question was 
also mentioned in 

We start by recalling some standard definitions. Let (fi, S,yu) be an arbitrary 
measure space. For 1 < p < oo, the weak space S, /i) is the space of all 

E-measurable functions / such that {u : 1/(^1;) | > 0} is cr-finite and 

where q = p/{p — ^)-, and the supremum is taken over all measurable sets B with 
< ^{B) < oo. If S,/i) is a real interval I endowed with Lebesgue measure, we 
write L^'°°(/); while and l^'°°{m) will stand for the weak spaces on IN and 
{1,2,..., m} respectively, both with the counting measure. 

For a real valued function defined on (fi, S,/i), let /* denote the decreasing rear- 
rangement of I/I 0; similarly for (a*), where (a„) is a real sequence. It is well known 
that the expression 

E sup t'l^rit) 

t>0 
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satisfies |||/||| < ||/|| < ^IH/IH- Let S, /i) denote the space of all measurable 

functions / such that = f-^/P f*{t)dt < oo. Then LP'°°(fi, S, /x) is naturally 

isomorphic to the dual of L'^'^{Q, T,,fi), where the isomorphism constant depends only 
on p. Finally, we note that any weak space satisfies an upper p-estimate with 
constant 1 

2 Main Theorem 

Fix 1 < p < oo and q = p/{p — 1), our goal is to prove the following 

Theorem 1 The Banach spaces 1^'°°, LP'°°[0, 1], and L^'°°[0, oo) are isomorphic. 

Since the proof of the Theorem goes through several intermediate embeddings and 
is rather circuitous, we first give an outline of the procedure. We start by recalling the 
following well known variant of Pelczynski's "decomposition method" [Q. The square 
of a Banach space E is the Banach space E (B E. 

Theorem 2 Let E, F be Banach spaces which are isomorphic to their squares. Sup- 
pose that each is isomorphic to a complemented subspace of the other, then they are 
isomorphic. 

Proof: Using the symbol "~" for "is isomorphic to" , we find Banach spaces G and H 
such that E F ®G and F E ® H. Then 

E®Fr^E®{E®H)^E®H^F, and 

E®F^{G®F)®F^G®F^E. 

□ 

It has been mentioned already that embeds complement ably into L^'°°[0, 1] 
0, and it is clear that LP'°°[0, 1] embeds complement ably into L''^'°°[0, oo). Since these 
spaces are obviously isomorphic to their squares, the proof of Theorem |I] will be com- 
plete if we can show that L^'°°[0, oo) embeds complement ably into This we do in 
a number of steps. 
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For any G N, let Xk = (^E^^=o ©^^'°°(^ " 2") ) • Then, using to denote 

"embeds complementably into" , we will show that 



LP'~[0,oo) 



k=i 

oo 



k=l 



The third embedding in this chain is obvious, and the first is also straight forward. 
The second embedding is accomplished by showing that L^'°°[0, k] ^ X^ with uniform 
constants. This relies on the techniques of 0. For the last link in the chain, we show 
that Xi is isomorphic to a weak* closed subspace of generated by long blocks 
with constant coefficients. The complementation is then effected by a conditional 
expectation operator 



3 Finding L^^[0,/c] in X, 



■k 

Lemma 3 Lei /c G IN and let f G LP'°°[0, oo). Then 



sup 



2*1/13 



/ n 



< 



/(j-l)/2- / j- 

Proof: Fix n. Since the expressions involved are rearrangement invariant, we may 



assume that | jQ^iy2" f\ decreases with j. Let aj = j 
A; -2", 



i/p 



J0-l)/2" / 



. Then for 1 < j < 



/ I/I > E / / 



'J- 



Hence 



> um-''' I/I 

Jo 



Taking the supremum over j finishes the proof. □ 
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We introduce some more notation. An element x G Xk will be written as x = 
(x„)5^Q, where each x„ G i^'°°{k ■ 2"). Each Xn is in turn a finite real sequence 
{x„ij))j=l. Define 

Yk = {xEXk: XnU) = 2'^/\xn+i{23 - 1) + x„+i(2j)), 1 < J < A; ■ 2", n > 0}. 

We will say that a linear operator T mapping between Banach spaces is a fC-isomor- 
phism (into) if iir~"'"||x|| < < -ft'lja;!!. 

Proposition 4 Define Tk : LP'°°[0, A;] T^/ = x, with x„(j) = 2"/« /(■^./_^y/2" / 

for 1 < j < k-2"',n > 0. Then is a q— isomorphism of L^'°°[0, k] onto Y^. 

Proof: Fix / G LP'°°[0, k] and let x = T^f . By Lemma ||, sup^ |||a^n||| < ||/||- Thus 

||Tfc/|| = sup ||a;„|| < g sup 1 1 |a;„| 1 1 < q\ 



On the other hand, letting En denote the conditional expectation operator |^ with 
respect to the partition ([(j — l)/2", j'/2"])^^]', it is easy to see that |||a;„||| = 
Now since Enf — > / in the weak* topology, we have 

11/11 < hmsupllK/ll 

< glimsup 

= glimsup |||x„||| 

< glim sup 

< 4Tkf\\ 

This proves that is a g— isomorphism. Clearly, maps into Y^- Conversely, for 
X G Ffe, let fn = 2"/peJ^i x„(j)x„,i, where Xn,j is the characteristic function of the 
interval [(j — l)/2",j/2"]. Then |||/„||| = |||a^n|||- In particular, (/„) is a bounded 
sequence in LP'°°[0, A;]. Now if / is a weak* cluster point of the sequence (/„), then, 
using the fact that x G Yk, it is easy to see that Tkf = x. Hence Tk maps onto Yk, as 
required. □ 

We proceed to show that Yk is complemented in Xk- Fix A; G IN, let 

fc-2" 

Zk = {x E Xk : There exists i such that ^ a^n(j) = for all n > i}. 



It is clear that Zk is a linear subspace of Xk- Also define u G Xk so that Un{j) — 
{k-T^)-^IP, l<j< n > 0. 

Lemma 5 Define (j) : spanjZfe, {u}} ^ IR 6^/ 

(f){z + ait) = a for all z & and a & JR. 

Then ||0|| < 1 with respect to the norm on X^. 

Proof: For all n > 0, the functional x'^ on Xj^ given by x'^{x) = Ylj=i XniJ) has norm 
< (A; -2")^/*. Now z e Zk impUes x'^{z) — for all large n. Thus 

II2; + au\\ < 1 
=^ K(z + aii)| < (A;-2")V9 

^ \a\x'M < (^•2")^/« 

^ |a| < 1. 

□ 

Let $ be a norm preserving extension of to all of X^- For an element x e X^, the 
support of X, suppx = {(^) j) ■ ^^nO) 7^ 0}. As it is clear that any finitely supported 
element of Xk is in Zk, we must have $ = on [ E^o ®-^^'°°(A;-2")') . 

V /Co 

If A is a subset of F = {(n^j) : 1 < j < /c-2'*, n > 0}, The operator on Xk given by 
multiplication by the characteristic function of A, which we denote by xa, is a norm 

one projection on X^. For any (n,j) G F, let A^j = supp TkXiU-i)/2'^,j/2'^]- Then let 

Lemma 6 For every n > 0, {^n,j)f=i is a sequence of pairwise disjoint (in the lattice 
sense) functional on Xk- Moreover, ^n+i,2j-i + $n+i,2j = ^nj for all n >0, I < j < 
A;-2". 

Proof: Note that >l„+i,2j-i U 2j = Anj. Then both assertions follow easily from 
the fact that A^jHAnj' is finite for I < j ^ j' < k-2"', and $ is on finitely supported 
elements. □ 

Given n > 0, 1 < j < define Snj : Xk — > Xk by Snjx — z, where z^ — for 

< m < n, and = + (j - 1)2"*-" mod(A;-2"*)) for m > n, 1 < i < A;-2"*. It 
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is clear that Snj has norm 1, and that x — SnjX G Zk- 



Lemma 7 For n > 0, 1 < j < \\^n,j\\ = ll'^'n.ill- 

Proof: For any x E Xk, 

since $ = on Z^. But the support of Sn,jXA„,jX is contained in An^i. Therefore, 

= ^n,l{Sn,jXA„^jX) < || $„,i || ||x|| 

since both Snj and Xa^j are norm 1 operators. Thus ||$nj|| ^ The reverse 

inequahty can be obtained similarly. □ 



Lemma 8 For all n > 0, ||$„,i|| < (A;-2")-i/'?||$|| . 

Proof: Since satisfies an upper p-estimate with constant 1, so does Xk- Hence 
satisfies a lower g-estimate with constant 1. By Lemma ^ $ = Y,f=i ^nj and the 
summands are pairwise disjoint. Then by Lemma 



k-2" 



(fc-2'^)^/'?||$„,i| 



□ 



Lemma 9 Given real numbers 6i, 62, • • • , (^nd a sequence (cj) in the unit ball of i^'^, 



^ bjCii+j 



£p,oo 



Proof: Let K = || (Z]j=i ^jQi+i)i^oll^*''°°- rearranging (cj), we may assume without 
loss of generality that | Z]}=i bjCu+jl is a decreasing function of /. Recall that |||a;||| > 
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for all x G Thus, given e > 0, there exists r such that r^/^l Y.]=i bjCri+j\ > 

{K — e)/q. Then, since c* < for all j > 1, 

y «=o j=i 

i r 
j=l 1=0 

< E&.*E((j-i)(r + i) + ^ + i)-'/^ 

< g(r + l)^/''^6*(jV''-(j-l)V.). 
Multiplying by q(r + l)'^/"^ finishes the proof. □ 



Lemma 10 For any real sequence (%), 



k-2" 



A;-2" 



< qk-^/'^ 

where || ■ denotes the norm on L'^'^[0,k]. 



J2 aiX[{j-i)/2",j/2"] 
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Proof: Fix x G with norm < 1, 



k-2" 



fc-2" 



where y = E -=1" By Lemma |, \\ym\\ < q'E-=i a*ij'^'' - (j - 1^/") for 

all m > 0. Hence 



k-2" > 

k-2" 



< qk 



-l/g 



E aiX[{i-l)/2",i/2" 
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Here the second inequality follows form Lemma ^, while the third inequality is true 
because ||<l>|| < 1. □ 



Proposition 11 Define : — > by P^x = y, where 



for all n > 0, 1 < j < k-T^. Then Pk is a projection from Xk onto Yk of norm < (f 



Proof: Since {&^^)' 
such that 



isomorphically, there is a constant K (actually q suffices) 



\a,i\ 



K sup ^ ttjhj 



for all [aj) G where U denotes the unit ball of l'^'^ . Thus, given x G Xk and n > 0, 



(fc-2")V'^||((x,$„,,))f=\"| 



< q{k-2^Y''^ sup Y.b,{x,^n,,) 

{b,)eu 

< g(A;-2")i/« sup ||x|| ^ 6,$,,, | 

{b,)€U 

fc-2" 



< g^2"/''||a;|| sup 

ibj)€U 



J2 ^iX[(i-l)/2"J/2"] 
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by Lemma ^ 



Hence \\Pk\\ < q'^- Using Lemma it is easy to see that Pk maps into Yk. Conversely, 
let y G Yk. Then for n > 0, 1 < j < A;-2", 

y^{j){k-2^y/PXA„M-XA„^,yeZk. 

Note also that SnjXA^^u — Xa„,i^ ^ ^fe- Hence for 1 < j < A;-2", 



Thus 



fc-2"<|.(xA„,,«). 
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Therefore, 



VnU) 

(A;-2")V9' 

Thus PkU = y for all y G Y^, as required. □ 

Propositions ^ and ^ combine to give 

Proposition 12 For all G IN, LP'°°[0, k] is q— isomorphic to a subspace of which 
is complemented in Xk by a projection of norm < . 

The following Theorem, the main goal of this section, now follows easily. 

Theorem 13 The space (I^fcLi ©-^^'°°[0, fc])^oo is isomorphic to a complemented sub- 
space of (Efcli ®Xk)e^ . 

4 Embedding Xi into complementably 

Choose a strictly increasing sequence of integers (m„)J^Q so that mo = 1 and 

n—l 

> X/ 2"'wij for all n > 1. 
i=i 

Then choose a pairewise disjoint sequence of subsets of IN, (-Bn,j)j=i'^=0) ^^^^ ~ 
m„, where is the cardinality of the set B. Finally, let Wnj = Xb^j fo^ 1 ^ i ^ 
2",?T, > 0. If is the weak* closed subspace of generated by {wn,j), i.e., 

W = {(aj) G : (aj) is constant on each Bnj}, 

then we will show that Xi is isomorphic to W. Since W is complemented in by 
the conditional expectation operator with respect to the cx-algebra generated by (-B„j), 
we will have proved 

Theorem 14 Xi embeds complementably into 
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To show the isomorphism between Xi and W, define 

n=0 j=l Tfln 

for all X G Xi, where the suprema refer to the pointwise order on the vector lattice of 
all real sequences. We first show that R maps into Fix x E Xi. Let A be the set 
of all ordered pairs {n,j), such that 1 < j < 2", and 

|m;i/^'x„(j)| < \m;'^'xiit)\ (1) 

for some I > n, 1 < i < 2^. Since sup^- |m~^/^a;„(j) | < m^-'^/P||a;|| ^ as n ^ oo, 
for every {n,j) G A, there exists G A'^ satisfying equation (|1]), with / > n. Let 
: A ^ A'^ he a. choice function such that \E'(r;,, j) = (/, i) satisfies (|I]) with respect to 
{n,j), and / > n. Let 

Ci^i = [J Br, 



{n,j)e'^-H{l,i)} 



for all G Then 



E 

(nj)6*-M('>»)} 



1/p 



i/p 



xiii 



E 



m 



i/p 
I 



(n,i)G*-l{a,i)} 



Note that 



Z-l 2" 

n=0 j=l 
Z-1 2" 

= EE"^" 

n=0 jr=l 

< m 

by the choice of (m„). It follows that the sequence \/(^n,j)<^A'mn^^^\xn{j)\u)n,j can be 
rearranged so that it is < V(„j)^^m~^/P|x„(j)|w„j in the pointwise order. Since the 
norm of is rearrangement invariant, we have 



V m^'^/^Xn{j)Wn,j 



< 



(2) 
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On the other hand, for all n > 0, let denote the decreasing rearrangement 

of {Mj)\)f=i, then 



< q 



< sup 

< sup 



i/p 



i/p 



i/p 
nin 

< 2i/^supji/X(j) 
= 2^/^ sup 1 1 1 1 

n 

< 2^/Psup ||x„|| 

n 

= 2i/*'||x||. 

Together with equation (|^), this shows that is bounded as a map into On the 
other hand, for all x E Xi, 



\\Rx\\ > sup 

n 

= ll^ll 

Therefore, R is an embedding, as claimed. 



E-^n ( J ) 

7=1 mn 



5 Proof of the main theorem 



Proposition 15 L*''°°[0,oo) embeds complementably into ( J2T=i®-^^''^[^^ ^] 



Proof: This is rather straight forward. Define S : LP'°°[0, oo) ^ (^E^i ®LP'°°[0, k] 
by 

•S"/ = (/X[o,i]>/X[o,2],---) 

for all / G L^'°°[0,oo). Clearly, S is an isometric embedding. Now choose a free 
ultrafilter U on IN, and regard L^'°°[0, A;] as the subspace of L^'°°[0, oo) consisting of all 
functions supported on [0, k]. Since L^'°°[0, oo) is the dual of L'^'^[0, oo), its unit ball is 
weak* compact. Given g = {gu) E ( ET=i ©^^'~[0, k]) , let 



Qg = (w*) lim Ofc 

K — >(a 
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It is easy to see that Q is bounded as a map into LP'°°[0, oo), and that Q o S the 
identity on LP'°°[0, oo). This proves the Proposition. □ 



The proof of Theorem |l| now follows as in the discussion in using Theorems |T^, 



13, and Proposition O above 
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